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A Motivating Example

We collect data
1 N
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We fit a parametric
family of densities
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e.g. 0 = (m,X); pg = N(m,
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Statistics 0.1: Density Fitting




Statistics 0.1: Density Fitting
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We stop when there
\ is a'good fit.



Maximum Likelihood Estimation
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ON AN ABSOLUTE CRITERION
FOR FITTING FREQUENCY CURVES.

By K. A. Fisher, Gonville and Caius College, Cambuidge.

1. IF we set ourselves the problem, in its
frequent oceurrence, of finding the arbitrary
function of known form, which best suit a
observations, we are mect at the outset by
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Maximum Likelihood Estimation

ON AN ABSOLUTE CRITERION
FOR FITTING FREQUENCY CURVES.

By B. A. Fisher, Gonville and Caius College, Cambuidge.
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frequent ocenrrence, of finding the arbitrary
function of known form, which best suit a
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Maximum Likelihood Estimation

Equivalent to a KL projection in
the space of probability measures




Maximum Likelihood Estimation

Equivalent to a KL projection in
the space of probability measures




In higher dimensional spaces...
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(Generative Models

latent
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g : latent space — data space
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(Generative Models
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(Generative Models

fo : latent space — data space
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Goal: find @ such that fgsp fits vgata
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fo : latent space — data space
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(Generative Models

latent
space
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(Generative Models
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(Generative Models

fo : latent space — data space

c—————

latent
space

data space

Need a more flexible discrepancy
function to compare Vgat, and fogpe
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Workarounds?

* Formulation as adversarial problem [GPM...’14]

| A 1 aaa_]-
min | ax Accuracyy ((fogtt, +1), (Waata, —1))
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Workarounds?

* Formulation as adversarial problem [GPM...’14]
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Workarounds?
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* Formulation as adversarial problem [GPM...’14]
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Workarounds?

* Formulation as adversarial problem [GPM...’14]

| A 1 aaa_]-
min | ax Accuracyy ((fogtt, +1), (Waata, —1))

low classification
accuracy...
is the goal.
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Another 1dea?

I
[ T

° 1./ data
latent
space ’

data
space

e Use a metric A for probability measures, that can
handle measures with non-overlapping supports:

min A(Vaata, o), 00t min KL(Vdata|po)
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A Generative Model Estimation
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Minimum Kantorovich Estimation

* Use optimal transport theory, namely Wasserstein
distances to define discrepancy/\ .

n W(vqata,
min (Vdata, fos b)

* Optimal transport? fertile field in mathematics.

Monge Kantorovich Koopmans Dantzig Brenier Gangbo Otto McCann  Villani Figalli

Fields'10 g Fields'18

Nobel’75
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What is Optimal Transport?

The natural geometry for probability measures
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What is Optimal Transport?

The natural geometry for probability measures
supported on a metric space.
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What is Optimal Transport?

The natural geometry for probability measures
supported on a metric space.

(renerative
Models
vs. Data




What is Optimal Transport?

The natural geometry for probability measures
supported on a metric space.
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Short Course Outline

1. Introduction to optimal transport
2. Optimal transport algorithms
3. Some Applications
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Introduction to OT

. Two examples: moving earth & soldiers
> Monge problem, Kantorovich problem
o OT as geometry, OT as a loss function
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Origins: Monge Problem (1781)

MEMOIRES DE LVACADEMIE ROYALE

A

& ‘.h‘.;o
& e
' B 3 ; \
& =

& L T

THEORIE DES DEBLAIS

FT DES REMBLAIL
— o

Pir M. M o N G E.

I orsQU’oN doit tranfporter des terres d'un lieu dans un
aqutre, on a coutume de donner ie nom de Déblai au

volume des terres que T'on doit tranfporter, & le nom de
Remblai 3 Vefpace qu'elles doivent occuper apreés le tranfport.
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Origins: Monge Problem (1781)

When one has to bring earth
from one place to another...
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Origins: Monge Problem
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Origins: Monge Problem

In the 21st Century...
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Origins: Monge Problem

In the 21st Century...




Origins: Monge’s Problem

In 1781 however...
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Origins: Monge’s Problem

In 1781 however...

p(x) /
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Origins: Monge’s Problem

In 1781 however...




Origins: Monge’s Problem

T must map red to blue.
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Origins: Monge’s Problem

T must map red to blue.
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Origins: Monge’s Problem

T must map red to blue.

a ~(B) = {z|T(x) € B}

™\

B
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Origins: Monge’s Problem

T must map red to blue.

H T-1(B) = {z|T(x) € B}
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Origins: Monge’s Problem

T must map red to blue.

=1z|T'(z) € B}
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Origins: Monge’s Problem

T must map red to blue.

T-1(B) = {z|T(z) € B}

|
i

lez Ag
pu(Az) + pn(Az) + p(Asz) = v(B)




Origins: Monge’s Problem

T must map red to blue.

27



Origins: Monge’s Problem

T must map red to blue.
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Origins: Monge’s Proble

T must map red to blue.
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Origins: Monge’s Proble

T must map red to blue.
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Origins: Monge’s Problem

T must push-forward the red measure towards the blue




Origins: Monge’s Problem

T must push-forward the red measure towards the blue

What 1" s.t. Typ = v
minimizes [ D(x,T(z))p(dz)?
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Kantorovich Problem

Tolstoi
Kantorovich 1930

5
pesa AL ANTOPORH

r Hitchcock

. MATEMATUYECHME

v xﬂgﬂﬂ THE DISTRIBUTION OF A PRODUCT FROM SEVERAL

[ ko -, SOURCES TO NUMEROUS LOCALITIES

: By Fraxk L. Hircacock

‘ | 1. Statement of the problem. When several factories supply a prod-
[’ uct to a number of citiez we desire the leasl costly manner of distribu-
i tion. Due to freight rates and other matters the cost of a ton of product
' ................... to a particular city will vary according to which factory supplies it,
| R ' and will also vary from city to city.

1939 ) 1941



Kantorovich Problem
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Kantorovich Problem




Kantorovich Problem a la francaise




Kantorovich Problem




Kantorovich Problem
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Easy solution: split the
task with proportions

120:90:90 = 4:3:3
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Kantorovich Problem

Easy solution: split the
task with proportions

120:90:90 = 4:3:3



Kantorovich Problem

Easy solution: split the
task with proportions

120:90:90 = 4:3:3
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Kantorovich Problem

Naive approach results in |}
many displacements...

Can we find a cheaper
alternative?

Easy solution: split the

task with proportions

120:90:90 = 4:3:3

32



Kantorovich Problem
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Kantorovich Problem

21 7? ?
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Kantorovich Problem

Transportation matrix

?

?

?

Distance matrix




Kantorovich Problem

The problem is entirely described by
counts and a cost/distance matrix

Transportation matrix Distance matrix




Transportation matrix

60
90

150

2 | 2 | 2
2 | 2 | 2
2 |2 | 2

120 90 90

37

Kantorovich Problem

Distance matrix




Transportation matrix

60
90

150

Kantorovich Problem

Pia

PiB

Pic

Distance matrix

P2A

P2B

P2

P3A

P3B

P3cC

120 90 90




Transportation matrix

Kantorovich Problem

Pia

PiB

Pic

P2A

P2B

P2

P3A

P3B

P3cC

37

Distance matrix




Kantorovich Problem

Transportation matrix

ai|P1A

PiB

Pic

Distance matrix

as| P2A

P2B

P2

as p?)A

P3B

P3cC

ba

bg

Constraints

Ve € {1, 2,3},

vy € {A, B, C},

P;;

2

je{A,B,C}

Z Pi; = b;

1€{1,2,3}
>0

bc

P;; — Q4




Kantorovich Problem

Transportation matrix

PiB|P1C

Pia

P2a | P2B |P2C

P3c
bc

P3B
bg

P3A

ba

Constraints

2

je{A,B,C}

Z Pi; = b;

1€{1,2,3}
D 2 0

Vi € {1, 2,3}, D;j = a;

vy € {A, B, C},

37

Distance matrix

A B C

Cost function

2. D Pidis

je{A,B,C}ie{1,2,3}

C(P) =



Kantorovich Problem

Transportation matrix

P1ia |P1B|P1C

P2a | P2B |P2C

P3c
bc

P3B
bg

P3A

ba

Constraints

2

je{A,B,C}

Vi € {1, 2,3}, D;j = a;

vj € 1A, B, C},
1€{1,2,3}
pij = 0

Z Pi; = b;

37

Distance matrix

A B C

Cost function

2. D Pidis

je{A,B,C}ie{1,2,3}

C(P) =

Problem
C(P)

min
all valid P



Kantorovich Problem




Kantorovich Problem

30 90




Kantorovich Problem




Mathematical Formalism

These problems involve discrete and continuous
probability measures on a geometric space ()




Monge Problem

() a measurable space, c: () x 2 — R.
1, v two probability measures in P(£2).

[Monge’81] problem: find a map 71" : {2 — (2

in /Q c(z, T(2)) u(dx)

Ty p=v




Monge Problem

() a measurable space, c: () x 2 — R.
1, v two probability measures in P(£2).

[Monge’81] problem: find a map 71" : {2 — (2
[Brenier'87] If Q =R% c= |- — - |°,
1, v a.c., then I' = Vu, u convex.




Monge Problem

() a measurable space, c: () x 2 — R.
1, v two probability measures in P(£2).

[Monge’81] problem: find a map 71" : {2 — (2

in /Q c(z, T(2)) u(dx)

Ty p=v




Monge Problem

() a measurable space, c: () x 2 — R.
1, v two probability measures in P(£2).

[Monge’81]} problem find a map 1" : {2 — ()
inf 1 (dx)

Ty = 1/

/\L--.L.




Kantorovich Relaxation
Instead of maps 71" : {2 — 2,

consider probabilistic maps,

i.e. couplings P € P({) x Q):

43



Kantorovich Relaxation
Instead of maps 71" : {2 — 2,

consider probabilistic maps,
i.e. couplings if € P(Q2 x Q):

P(Y|X = x)

43



Kantorovich Relaxation
Instead of maps 71" : {2 — 2,

consider probabilistic maps,

i.e. couplings P € P({) x Q):

(e, v) d:ef{P c Pl xO)|VA, B C (),

P(A x Q) = pn(A),
P(Q x B) = v(B)}

44




Kantorovich Relaxation

(p,v) S{P € P(Q x Q)|VA, B C Q,

P(A x Q) = u(A), P(Q x B) = v(B)}




Kantorovich Relaxation

(p,v) S{P € P(Q x Q)|VA, B C Q,

P(A x Q) = u(A), P(Q x B) = v(B)}




Kantorovich Problem

in /Q e(z, T(z))u(dx)

T'yp=v

Def. Given p,v in P(£2); a cost function
c on () x ), the Kantorovich problem is

inf / / c(z,y)P(dz, dy).

Pell(p,v)

46



Kantorovich Problem

Def. Given p,v in P(£1); a cost function
c on {2 x {2, the Kantorovich problem is

inf / / c(z,y)P(dz, dy).

Pell(p,v)

47



Kantorovich Problem

Def. Given p,v in P(£1); a cost function
c on {2 x {2, the Kantorovich problem is

inf / / c(z,y)P(dz, dy).

Pell(p,v)

Sup /godu+/¢du.
peL1(p),peL1(v)
e (z)+1(y)<c(z,y)

47



Kantorovich Problem

Def. Given p,v in P(£1); a cost function
c on {2 x {2, the Kantorovich problem is

inf / / c(z,y)P(dz, dy).

Pell(p,v)

For two real-valued functions ¢, 1) on (),
def

(e @ Y)(z,y) = p(x) +P(y)

47



Kantorovich Problem

Def. Given p,v in P(£1); a cost function
c on {2 x {2, the Kantorovich problem is

inf / / c(z,y)P(dz, dy).

Pell(p,v)

Sup /godu+/1,bdu.
peLi(p),pely(v)
pDP<c
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Deriving Kantorovich Duality

iug /godu+/¢du—//go@?,de

LH(P)

|

0 if Pell(p,v

1+ o0  otherwise.

48




Deriving Kantorovich Duality

v (P) = sup /godu—l—/wdu—//go@?,de
P,
{0 it P eTl(u,v

1+ o0  otherwise.

int // cdP
Pell(p,v)
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Deriving Kantorovich Duality

v (P) = sup /godu—l—/wdu—//go@?,de
P,
{0 it P eTl(u,v

1+ o0  otherwise.

int //ch
(v
i, ffcor
PE7D_|_(92)




Deriving Kantorovich Duality

v (P) = sup /godu+/¢du—//go@¢dP
P,
{0 it P e T(p, v

1+ o0  otherwise.

inf //CdP—I—LH(P
PE7D+(QQ)




Deriving Kantorovich Duality

inf //CdP—I—LH(P
PeP, (029)

inf //ch+Sup/godu—l—/¢dV —//go@de
P€P+(Q2)
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Deriving Kantorovich Duality

inf //CdP—I—LH(P
PePL(02)
peéﬁﬁﬂz)¢¢//ch+/sodu+/¢du —//go@de

49



Deriving Kantorovich Duality

int //CdP+LH(P
PeP, (Q2)

49



Deriving Kantorovich Duality

PcP

inft

(22)

//ch+ v (P

inf  sup // c— p®

49

/godu+/1,bdv



Deriving Kantorovich Duality

PcP

inft

(22)

//ch+ v (P

SUup int // C — an
w,p PP (§2?) ( ° & Y)d

49

/godu+/1,bdv



Deriving Kantorovich Duality

PcP

inft

(22)

//ch+ v (P

SUup int // C — an
p,p PEPL(§2?) ( °®Y)d

49

/godu+/¢du



Deriving Kantorovich Duality

inf //CdP+LH
PP, (Q2)

SUup lﬂf // C — an / d —|—/ d]/
p,p PEPL(§2?) ( » & P)d PUH ¥

inf //(Cso@w)dP{O ifc—g?@lﬁZO.

PeP+ Q) —o0  otherwise

49



Deriving Kantorovich Duality

inf //CdP -+ LH
PcP, (Q32)

sup inf //C— D /d—l—/ dv
D et oy (c—p@)d pdp Y

0 ifec—p®dy > 0.
Int — e ®Y)dP =
Pel7£l+(ﬂ) //(C P DY) {oo otherwise




Wasserstein Distances

Let p > 1. Let c(x,y) := D?(x,y), a metric.

Def. The p-Wasserstein distance between

L, v in P() is

1/p
def :
Wy, v) = (Peg%a ) / D(w,y)pP(da?,dy)> -
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Wasserstein Distances

Let p > 1. Let c(x,y) := D?(x,y), a metric.

Def. The p-Wasserstein distance between

L, v in P() is

i s
inf D(x,y)’ P(dz,d .
pont / (z,y)" P(dx y)>

50




Kantorovich Duality

Wy (p,v) = sup / pdp + / Ypdv.
peLi(pm),peLls(v)
p(x)+(y)<D"(z,y)

DUAL g

* Kantorovich Duality is interesting from a
computational perspective: easier to store 2
functions than a whole coupling.

* D transforms: go from two to one dual potential.
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D transforms

Wy (p,v) =

sup

peLi(pm),peLls(v)
p(x)+(y)<D*(x,y)

/godu+/¢du.

DUAL g

Imagine we choose a . Can we find a good )7



D transforms

Wy (e, v) = sup / pdp + / (e
() D ()
p(z)+(y)<D"(x,y

DUAL o

Imagine we choose a . Can we find a good )7
We need that 1) satistfies for all o,y

p(x) +9Y(y) < DP(x,y)



D transforms

Wy (e, v) = sup / pdp + / (e
() D ()
p(z)+(y)<D"(x,y

DUAL o

Imagine we choose a . Can we find a good )7
We need that 1) satistfies for all o,y

p(x) +9Y(y) < DP(x,y)

Y(y) < DP(z,y) — o(x)



D transforms

Wy (p,v) =

sup

pelLq(p),pelq(v)
p(x)+(y)<D*(x,y)

/godu+/¢du.
DUAL g

Imagine we choose a . Can we find a good )7
We need that 1) satistfies for all o,y

p(x) +9Y(y) < DP(x,y)
Y(y) < DP(xz,y) — p(x)
P(y) < inf D¥(z,y) — ¢(z)



D transforms

Wp

p

(1, V)

= sup

/godqu/?,bdu.
peLi(pm), el (v)

p(x)+(y)<D¥(x,y)

For given ¢, cannot get a better 1) than

deft .

p(y) = inf D¥(z,y) — p(x).
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D transforms

Wp

p

(1, v) = sup / pdp + / Ydv.
peLi(pm), el (v)
p(x)+(y)<DP(z,y)

For given ¢, cannot get a better 1) than

?(y) < inf DP(z,y) — p().

Wy, v —Sup/sodu+/sodv

SEI\/II DUAL




D transforms

?(y) < inf DP(x,y) — ¢().

Y(z) = inf DP(z,y) — ¥ (y).

Yy




D transforms

?(y) < inf DP(x,y) — ¢().

Y(z) = inf DP(z,y) — ¥ (y).

Yy

Wy (p,v) = Sup / pdp + | pdv.




D transforms

?(y) < inf DP(x,y) — ¢().

Y(z) = inf DP(z,y) — ¥ (y).

Yy

Wy (e, v) = Sup/ﬁlw/?du

P

—
X
©,

[ J
—
/

o4




D transforms

?(y) < inf DP(x,y) — ¢().

(x) = inf DP(z,y) -

b (1, v —Sup/sodu+/sodv

For all ¢, we have %

o4




D transforms

?(y) < inf DP(x,y) — ¢().

(x) = inf DP(z,y) -

Wy, v —sup/sodu+/sodv

For all ¢, we have %

7
w is DP-concave if 3¢ : p = @
p

o 1s DP-concave = p =

of



D transforms

?(y) < inf DP(x,y) — ¢().

(x) = inf DP(z,y) -

b (1, v —sup/sodu+/sodv

Wy, v) = sup / pdp + / pav.

@ 1s DP-concave




D transtorms, W;

Prop. If ¢ = D, namely p = 1, then
w 1s D-concave < © = —, @ 1s 1-Lipschitz

For given x, ©.(y) défD(a:, y) — (ax) is 1-Lipschitz.
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D transtorms, W;

Prop. If ¢ = D, namely p = 1, then
w 1s D-concave < © = —, @ 1s 1-Lipschitz

For given x, ©,(y) = is 1-Lipschitz.
Pz(y) —P2(y) = D(x,y) — D(z,y’) < D(y, y’)
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w 1s D-concave < © = —, @ 1s 1-Lipschitz

For given x, ©.(y) défD(a:, y) — (ax) is 1-Lipschitz.

95




D transtorms, W;

Prop. If ¢ = D, namely p = 1, then
w 1s D-concave < © = —, @ 1s 1-Lipschitz

For given x, ©.(y) défD(m, y) — (ax) is 1-Lipschitz.

= p(y) = inf, P, (y) is 1-Lipschitz.
= P(y) —p(x) < D(z,y)
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D transtorms, W;
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= p(y) = inf, P, (y) is 1-Lipschitz.
= P(y) —@o(x) < D(z,y)
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= —@(x) <infy D(z,y) — P(y)
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D transtorms, W;

Prop. If ¢ = D, namely p = 1, then
w 1s D-concave < © = —, @ 1s 1-Lipschitz

For given x, v, (y) défD(m, y) — @(x) is 1-Lipschitz.
= p(y) = inf, P, (y) is 1-Lipschitz.
iwm p(z) < D(z,y)

P(x) < D(z,y) — p(y)
—@(x) < infy, D(w Y) =
—p(x) <i f D(z,y) —p(y) < —p(z)

95




D transtorms, W;

Prop. If ¢ = D, namely p = 1, then
w 1s D-concave < © = —, @ 1s 1-Lipschitz

For given x, ©.(y) défD(m, y) — (ax) is 1-Lipschitz.

= p(y) = inf, P, (y) is 1-Lipschitz.




D transtorms, W;

Wi(p,v) = sup / pdp + / pdv.

@ 1s D-concave

SEI\/II DUAL

Prop. If ¢ = D, then
w 1s D-concave & © = —, @ 1s 1-Lipschitz

W)= swp [ oldn—dv)
o 1-Lipschitz
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Links between Monge & Kantorovich

Prop. For “well behaved” costs ¢, if p has
a density then an optimal Monge map 1™ be-
tween p and v must exist.

Prop. In that case
P* = (Id,T")yp € (1, v)

is also optimal for the Kantorovich problem.

|Brenier’91] |Smith&Knott’87] [McCann’01]

S/




Optimal Transport Geometry

Very different geometry than standard
information divergences (KL, Euclidean)

| 4
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Optimal Transport Geometry

Very different geometry than standard
information divergences (KL, Euclidean)

| 4

Wasserstein Distance
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Optimal Transport Geometry

Very different geometry than standard
information divergences (KL, Euclidean)

| 4

Inte rpol ant
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Optimal Transport Geometry

Very different geometry than standard
information divergences (KL, Euclidean)

Linear interpolation ﬁ Optimal transport interpolation




Optimal Transport Geometry

Very different geometry than standard
information divergences (KL, Euclidean)

[SDPC.."15]
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Optimal Transport Geometry

Very different geometry than standard
information divergences (KL, Euclidean)

ISDPC..’15]
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Optimal Transport Geometry

Very different geometry than standard
information divergences (KL, Euclidean)

Xz ez ens
Crrry’
000ada

v
3

e o A A A <
'y " m ‘“ =
% 'é ( lg # b
4 #
B |

ISDPC..’15]

©))
@)



Computational OT

Up to 2010: OT solvers W, (p,v) =7

Goal now: use OT as a loss or fidelity term

argmin F'(Wp, (1, v1), Wy (i, v2), ..o p) =7
pneP(£2)

vuwp(p’v Vl) =7

61



2. How to compute OT

. Typology: discrete/continuous problems
, Easy cases, zoo of solvers

. Entropic regularization

. Differentiability of the W distance

62



How can we compute OT?

Discrete - Discrete

A

1] 1

ai

Discrete - Continuous




How can we compute OT?

Discrete - Discrete Network flow solvers
(Entropic) regularization

111 _A

Discrete - Continuous

~~~~~~~~ L] M

[Mérigot’ 11][K1taga a’16][Levy’15]
A A

Continuous - Continuous

- m,

_[Benamou’98]

Stochastic
Optimization

|Genevay’16]




Easy (1): Univariate Measures

Remark. If Q =R, ¢(x,y) = c(|lx — y|),
c convex, F L F 1 quantile functions,

1

W (e, ) = / (F (@) — Fy M @)))da
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Easy (1): Univariate Measures

Remark. If Q =R, ¢(x,y) = c(|lx — y|),
c convex, F L F 1 quantile functions,

1

W (e, ) = / (F (@) — Fy M @)))da
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Easy (1): Univariate Measures

Remark. If Q =R, ¢(x,y) = c(|lx — y|),
c convex, F L F 1 quantile functions,

1

W (e, ) = / (F (@) — Fy M @)))da

F,/ F, B!

- S

0.5} 1 057

64 0




Easy (1): Univariate Measures

Remark. If Q =R, ¢(x,y) = c(|lx — y|),
c convex, F L F 1 quantile functions,

1
W (1, 1) = / (F (@) — Fy ' (2)])da
‘ 1 ‘ 1
£y Iy FV;
0.5 | 05! ///»
//1

64 0




Easy (2): Gaussian Measures

Remark. If Q = R% ¢(z,y) = ||z — y||?, and
nw=N(m,,¥,),v=Nm,,X,) then

WQZ(% V) = Hmu — mVHQ T B(Euv EV)Q
where B is the Bures metric

B(X,,%,)? = trace(X,+%,-2(X/°E,%/%)1/?).
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Easy (2): Gaussian Measures

Remark. If Q = R% ¢(z,y) = ||z — y||?, and
nw=N(m,,¥,),v=Nm,,X,) then

WQZ(% V) = Hmu — mVHQ T B(Ew EV)Q
where B is the Bures metric

B(X,,%,)? = trace(X,+%,-2(X/°E,%/%)1/?).

The map T : x — m, + A(x — 1{1“) is optimal,

_1 1 N2 1
where A = X, ? (232,,23) I




Easy (2): Gaussian Measures




Easy (2): Gaussian Measures

T=VY:z—m, + A(x —m,,)
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Easy (2): Gaussian Measures

W5 geodesic (ug); from pg to py (¢t € [0,1]) and extrapolation

5 |T‘\\ |

S = ((1— ) T+ tA) S, (1 — )1 +tA)
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Easy (2): Gaussian Measures

W5 geodesic (ug); from pg to py (¢t € [0,1]) and extrapolation

5_ |T‘\\ | | | ]

- 1
<
£095¢
é 09"
< 085" Iy — 1y |
===y — 3
% 0.8 ' ' ' '
2 -1 0 1 2 3

curve time



Easy (3): Elliptical Distributions
T=VY:z—m, + A(x —m,,)

|Gelbrich’92| shows that the linear map T is
also optimal for elliptically contoured
distributions, i.e. distributions whose MGF are

¢X(t) — JF _6\/jltTX_ — eﬁtng(tTCt)

A

g of positive type.

Same formula applies, but variance is a factor
(depends on g) of C, hence Bures factor is scaled.
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Easy (3): Uniform Ellipses




Wasserstein Between Two Diracs




Linear Assignment C Wasserstein

n 1 "
-3 L, e
=1 n vV = Eéyﬂ
1 A
* %,D)
WP (p,v) = min EZD TisYor,)"




OT on Two Empirical Measures




OT on Two Empirical Measures




Wasserstein on Empirical Measures

Consider 1 = Z a;0,, and v = Z b0y, .
1—=1 71=1
det

Mxy = |D(xi,y;)"]i;
U(a,b) < {P ¢ R"*"™|P1,, = a,PT1, = b}

Detf. Optimal Transport Problem

P — ] P, M
Wp (l’l'v V) PEIgl(I(},,b)< » LV XY >
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Dual Kantorovich Problem

Wg(yj,l/): min <P,Mxy>

PERixm
Pl,,=a.P'1,=0b

79



Dual Kantorovich Problem
W}?Z“?’/S — m}nr}(m ZpaMXY;
PER”
Pl,,=a.P'1,=0b
Def. Dual OT problem

WP, v) = max ata+ B'b
plv) = max B
o;+8;<D(xi,yj)”
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Dual Kantorovich Problem
W}?Z“?’/S — m}n,r}(m ZpaMXY;
PER”
Pl,,=a,P11,,=b
Def. Dual OT problem

WP V) = max ata -+ 8'b
2, v) egmax B
o;+06;<D(x;,y;)"

79




Dual Kantorovich Problem
W}?Z“?’/S — m}n,r}(m ZpaMXY;
PER”
Pl,,=a,P11,,=b
Def. Dual OT problem

WP, v) = max ata+ B'b
plv) = max
o;+06;<D(x;,y;)"




Solving the OT Problem

Mxy




Solving the OT Problem

. min cost flow solver
Mxy S used in practice. /'\
O(n”log(n)) =

U(a,b)

77



Solving the OT Problem

. min cost flow solver
My S used in practice. /'\
/ O(n°log(n)) =
' Uab)

' Solution P™ unstable
and not always unique.
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' Solution P unstable
and not always unique.
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Solving the OT Problem

min cost flow solver
Mxy .- used in practice. /'\
O(n”log(n)) =
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' Solution P unstable
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Solving the OT Problem

min cost flow solver
Mx ¥ used in practice. /'\
O(n”log(n)) =
Uab)

' Solution P™ unstable
and not always unique.
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Solving the OT Problem

min cost flow solver
Mx ¥ used in practice. /'\
O(n”log(n)) =
Ulab)

' Solution P™ unstable
and not always unique.

0“
‘0
’0
P ’.

WP(u,v) not differentiable.

/8
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Discrete OT Problem

c| amd.c
P Ferdae6.l » <No oseleceu symbuol > <
/%
end. c
Last updat=: 3/14/98
An implemzntation of the Earth Movers Distance.
Bacsed of tnz solution fcr the Trancportation proktlem as described in
"Int-oduction to Mathematical Prog-amming" by F. €. Hillier and
G. J. Liz2ozrman, McGraw-Hill, 21008,
Copy~ight () TYYR Yrssi Huhner
Conpute~ Srience NDepartment, Stanfa~1 Infversity
E-Mall: ruolerecs.starfcrd.edy URL: Attp://visicr.stanford.equi~rjoner
*/

f4#Fincude <stdio.h=-
#Finclude ~stdlio.h=s/
#include <matn. >

finc.ude "emd.n'

| #define DEBUSG_LEVEL @

J*
DFRUG_I FYFI =

NO MESSAGES

PRINT THE NUMBER CF ITERATZONS AND THE FINAL RESLLT

PRINT THE RESULT AFTER EVERY ITERATION

PRINT ALS0 THE FLCW AFTER EYERY ITEXIATION

PRINT A LOT OF INFCRMATIOMN | PRODAJLY JSEFUL(}*N FOR THE AUTHOR)

WA

"~
|

4/

#define MAX_SIG_SIZE1 (MAX_SIC_SIZE+1| /+ SOR THE FCSIBLE DUMMY FEATJURE +/

/+ NEW TYPES DJEFINITION =/

J% nodel_t 15 USFD FOR SINGELE=L INKED | IS15 &/
typede” st uct nodel_t {
int 33

double val;
sLiuclh nod=1 L *xNexL;
} nodei_z;

/* nodei_t IS JSED FOR DCLELE LINKED LISTS #/
typede” st-uct node2_t {
int 2, ji
double val:
ctruct noda22_t sNextC; Fe NEXT COLUMN »/
ctruct nam=/_t sNextR; Sk NEXT RIW %/
} nnapi_<:

/% GLOBAL VARIASLE DECLARATION =/
static int _1l1, _n2; /+ SIGNATLRES SIZES #+/f
static “loat _C[MAX_SIGC_SIZE1] [MAX_SIG_SIZZ1];/+ THE CCET MATRIX #/
stotzc node2_t _X[MAX_SIC_SIZE1w2];

PR T AL e W LrALI Lt R T

/+ THE EASIC VARIABLES VEITOR »/

-

H
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stotzc node2_t _X[MAX_SIC_SIZE1w2];

Discrete OT Problem

c| amd.c
P erndae6.l 0 <No selecieu symbol > 5
i*
end. c
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typede” ctr-uct node2_t {

int 2, ji
double val:
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} nnapi_<:

/% GLOBAL VYARIASLE DECLARATION x/
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PR T AL e W LrALI Lt R T

/+ THE EASIC VARIABLES VEITOR »/




Solution: Regularization

U(a,b)

Wishlist:
faster & scalable, more stable,

differentiable

80



Entropic Regularization [Wilson’62]

Def. Regularized Wasserstein, v > 0

det :
W, — P. M —~vE(P
’Y(N’v V) PEHUl'l(I(},,b)< 9 XY > Y ( )

det —
E(P) = — Z sz(lOng — 1)

2,)=1

Note: Unique optimal solution because of strong concavity of entropy
81




Entropic Regularization [Wilson’62]

def
W’y(ua V) —

min
PeU(a,b)

Def. Regularized Wasserstein, v > 0
<P7MXY> _ ”VE(P)

ANrv A A NN

J
iz P,

\

\

Note: Unique optimal solution because of strong concavity of entropy
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Entropic Regularization [Wilson’62]

def
W’y(ua V) —

min
PeU(a,b)

Def. Regularized Wasserstein, v > 0
<P7MXY> _ ”VE(P)

ANrv A A AN

<

\

\

Note: Unique optimal solution because of strong concavity of entropy
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Entropic Regularization [Wilson’62]

def
W’y(ua V) —

min
PeU(a,b)

Def. Regularized Wasserstein, v > 0
<P7MXY> _ ”VE(P)

ANrv A A AN

<

\

\

~ CCy — T(:I;)”

Note: Unique optimal solution because of strong concavity of entropy

81
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Fast & Scalable Algorithm

det

Prop. If P, = argmin (P, Mxy )—vE(P)

then -

lu € R,

PcU (a,b)
v € R, such that

P, = diag(u)Kdiag(v), K e~ Mxy /7

82




Fast & Scalable Algorithm

Prop. If P, = argmin (P, Mxy )—~vFE(P)

- PcU (a,b)
then Jlu € R, v € R, such that

L(P,Oz,ﬁ) — ZP’L]MZ] SN ’}/PZJ(IOgPZ] — 1) -+ aT(Pl — (L) (N BT(PT]_ — b)
]
aL/an — Mij —+ ’)/lOg Pfij + o + 5]'

o;  Mi; By
(BL/QPm:O) =>Pij:€7 e 7 eV =u, Kij’vj
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Fast & Scalable Algorithm

Prop.

then -

P, =

If P, < argmin (P, Mxy )—vE(P)

PeU(a,b)
lu € R, v € R, such that

diag(u)Kdiag(v), K T e~ Mxv /7

P, EU(a,b)@{

diag(u)Kdiag(v)l,, =a
diag(v)K " diag(u)1l,, =b
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Fast & Scalable Algorithm

Prop.

then -

P, =

If P, < argmin (P, Mxy )—vE(P)

PeU(a,b)
lu € R, v € R, such that

diag(u)Kdiag(v), K T e~ Mxv /7

P, EU(a,b)@{

diag(u)Kdiag(v)l,, =a

diag(v)K'diag(u)l,, =0b
\———

wu
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Fast & Scalable Algorithm

Prop.

then -

P, =

If P, < argmin (P, Mxy )—vE(P)

PeU(a,b)
lu € R, v € R, such that

diag(u)Kdiag(v), K T e~ Mxv /7

P, EU(a,b)@{

(¥

e
diag(u)Kdiag(v)l,, =a
diag(v)K'diag(u)l,, =0b

\———

wu
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Fast & Scalable Algorithm

Prop.

then -

P, =

If P, < argmin (P, Mxy )—vE(P)

PeU(a,b)
lu € R, v € R, such that

diag(u)Kdiag(v), K T e~ Mxv /7

P, EU(a,b)@{

diag(u)K v = a
diag(v)K" u =
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Fast & Scalable Algorithm

Prop.

then -

P, =

If P, = argmin (P, Mxy )—~vFE(P)

PeU(a,b)
lu € R, v € R, such that

diag(u)Kdiag(v), K T e~ Mxv /7

P, EU(a,b)@{

u ® Ko = a
v o K'u —
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Fast & Scalable Algorithm

then -

det

lu € R,

Prop. If P, = argmin (P, Mxy )—vE(P)

PcU (a,b)
v € R, such that

P, = diag(u)Kdiag(v), K e~ Mxy /7

P, EU(a,b)@{

u=a/Kv
v=b/K"u

83




Fast & Scalable Algorithm

Sinkhorn’s Algorithm : Repeat
1. u=a/Kv
> v=b/K"u
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Fast & Scalable Algorithm

Sinkhorn’s Algorithm : Repeat
1. u=a/Kv
> v=b/K"'u

* [Sinkhorn’64| proved convergence for the first time.
* [Lorenz’89] linear convergence, see |[Altschuler’17]

e O (nm) complexity, GPGPU parallel [Cuturi’13].

e O(n log mn) on gridded spaces using convolutions.
[Solomon’15]
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Fast & Scalable Algorithm

e [Sinkhorn’64] fixed-point iterations for (¢, V)
u+—a/Kv, v+<b/K u

ib
I Vo
K
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Fast & Scalable Algorithm
e [Sinkhorn’64] fixed-point iterations for (¢, V)

T
u<+—a/Kv, v b/K u Vo
ii
K
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Fast & Scalable Algorithm

e [Sinkhorn’64] fixed-point iterations for (¢, V)
u+—a/Kv, v+<b/K u

a b a
i
K

Vo
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Fast & Scalable Algorithm
e [Sinkhorn’64] fixed-point iterations for (¢, V)

T
u<+—a/Kv, v b/K u Vo
ii
K
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Fast & Scalable Algorithm

e [Sinkhorn’64] fixed-point iterations for (¢, V)
u+—a/Kv, v+<b/K u

a b a
i
K

Vo
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Fast & Scalable Algorithm

e [Sinkhorn’64] fixed-point iterations for (¢, V)
u+a/Kv, v+ b/K'u Vo

a b a
i
K

b

|
\
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Fast & Scalable Algorithm

e [Sinkhorn’64] fixed-point iterations for (¢, V)
u+a/Kv, v+ b/K'u Vo

b

a b a
i
K .

|
\




ii
K

Fast & Scalable Algorithm

e [Sinkhorn’64] fixed-point iterations for (¢, V)
v—b/K'u

u <+ a/Kwv,

85
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Fast & Scalable Algorithm
e [Sinkhorn’64] fixed-point iterations for (¢, V)

u+—a/Kv, v+<b/K u
ii
K

|
\

85
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Fast & Scalable Algorithm

e [Sinkhorn’64] fixed-point iterations for (¢, V)
v—b/K'u

u <+ a/Kwv,

85
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.
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Fast & Scalable Algorithm

e [Sinkhorn’64] fixed-point iterations for (¢, V)
u+—a/Kv, v+<b/K u

a b a
i
K

b

|
\




Fast & Scalable Algorithm

e [Sinkhorn’64] fixed-point iterations for (¢, V)
u+—a/Kv, v+<b/K u

a b a
i
K

b

|
\
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Fast & Scalable Algorithm

e [Sinkhorn’64] fixed-point iterations for (¢, V)
u+—a/Kv, v+<b/K u

us

a b a
| i
K

b

|
\
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Fast & Scalable Algorithm

e [Sinkhorn’64] fixed-point iterations for (¢, V)
u+—a/Kv, v+<b/K u

a b a
i
K

b us

|
\

85




Fast & Scalable Algorithm

e [Sinkhorn’64] fixed-point iterations for (¢, V)
u+a/Kv, v+ b/K'u Vo

a b a
|I - 1
K

etc....

us

|
\

85




* [Sinkhorn’64] fixed-point iterations.

ii
K

Fast & Scalable Algorithm

PLZ

diag(ur)

K

N\

diag(vr)

°
W
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Fast & Scalable Algorithm

* [Sinkhorn’64] fixed-point iterations.

ii
K

" diag(vr)

diag(ur)
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Also embarrassingly parallel

e |[Sinkhorn’64| with matrix tixed-point iterations

A

B
K
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Also embarrassingly parallel

e |[Sinkhorn’64| with matrix tixed-point iterations

A
i

B
K




Also embarrassingly parallel

e |[Sinkhorn’64| with matrix tixed-point iterations
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Also embarrassingly parallel

e |[Sinkhorn’64| with matrix tixed-point iterations
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Also embarrassingly parallel
e |[Sinkhorn’64| with matrix tixed-point iterations

A
i
-
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Also embarrassingly parallel

e [Sinkhorn’ '
orn’64] with matrix fixed-point iterations
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Also embarrassingly parallel
e |[Sinkhorn’64| with matrix tixed-point iterations

A
i
-

v 3 B Tl 3
» -D - -~ 2 _ »
J A0 2RI & i 3
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Also embarrassingly parallel

e |[Sinkhorn’64| with matrix tixed-point iterations

A
i
IIIII eic....
L]

K




Very Fast EMD Approx. Solver

10° | | | | | _%
3 == FastEMD ,”
Rubner’s emd § § %~ -~
3 5 | -
ol —~ CPU 7=0.02 | -7 )
e —8— CPU y=0.1 ; . ;
= : ~ :
= ~7~ GPU y=0.02 | _-"
= =1~ GPU y=0.1 g -
S ; e
B2 0 : - : :
010 - s s ‘_——" r g '
5 _ax |
o ? - 2 ?
= : : —
o 10_2— /” : -V ? v”’
= - é —B— ?”’—
; : : — —
S v | e - ___-—-H
) ; — E_—’
S = -
z -—
o- = ;
6 |

| | | | |
64 128 256 512 1024 2048 4096
Histogram Dimension

Note. (€2, D)is a random graph with shortest path metric, histograms

sampled uniformly on simplex, Sinkhorn tolerance 10-2.
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Very Fast EMD Approx. Solver
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Very Fast EMD Approx. Solver
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Sinkhorn as a Dual Algorithm

Def. Regularized Wasserstein, v > 0

W, (p,v) =  min (P, Mxy)—vE(P)

PeU(a,b)
REGULARIZED DISCRETE PRIMAL

W, (1, v) = maxa®a+ B'b — y(eNT K(eP/7)
o, B DP (g, )|
T;,Yj)
where K = |e 2

I 14
Sinkhorn = Block Coordinate Ascent on Dual
90




Block Coordinate Ascent, a.k.a Sinkhorn

W, (p,v) = max aTa+ pTb—y(eNT K(eP/)

Ela,B)=ala+3"b- v(ea/V)T KeP/
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Block Coordinate Ascent, a.k.a Sinkhorn

W, (p,v) = max ala+ B1b —~v(eNT K(eP/)

Ela,B)=ala+3"b- v(ea/V)T KeP/

V.E=a—e" @ KeP/

Va€ = b—eB/vo Klex/
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Block Coordinate Ascent, a.k.a Sinkhorn

W, (p,v) = max ala+ B1b —~v(eNT K(eP/)

Ela,B)=ala+3"b- v(ea/V)T KeP/

V.E=a—e" @ KeP/

o 7y (loga — log K(65/7)>

Vgl =b—eP/" o Kle/

B+ (logb — log KT(ea/V))




Block Coordinate Ascent, a.k.a Sinkhorn

W, (p,v) = max aTa+ pTb—y(eNT K(eP/)

REGULARIZED DISCRETE DUAL
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Block Coordinate Ascent, a.k.a Sinkhorn

W (,v) = maxala+ B'b — v(e*)T K(eP/)

o,
"
e
(u,v) = (e, eP/7)
< a
U
Kuv
b
VU <
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Block Coordinate Ascent, a.k.a Sinkhorn

W (,v) = maxala+ B'b — v(e*)T K(eP/)

o,
f
de
(u,v) = (e, eP/)
a
a%v(loga—log K(eﬁ/7)> U < 7
b

ﬂ%v(logb—log KT(ea/7)> U s Iy

92



Stochastic Formulation

Wy (p,v) = sup

P,

/ pdp

C = {(p,¥)|Vz,y, p(z)

/lde — (e, Y)

Y(y) < D(z,y)?}

10

"1

1
-0.8

|
-06

|
-0.4

1
-0.2

0

93

~ = .001|
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DP(x,y) — (¢(z) + 9 (y))



Stochastic Formulation

Wy (p,v) = sup

C = {(p,¥)|Vz,y, p(z)

P,

/ pdp

[ v —ic(e.w
Y(y) < D(w,y)P}

10

"1

1
-0.8

|
-06

|
-0.4

1
-0.2 0

93

~ = .001|

02 04 06 1

DP(x,y) — (¢(z) + 9 (y))



Stochastic Formulation

WE (pm,v) = SUP/sodu + /wdv —to(p, ¥)

P,
C'={(e, )|V, y, o(x) +P(y) < D(z,y)"}
]

regularizing dual \ ! constraints vy > 0

W, (p,v) = il}g/godu T /?,bd'/ —1o(p, )

(o) = [f PP dpdy

REGULARIZED DUAL
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Stochastic Formulation

W) =sup [ eyt [ wdv = 1c(e.%)

P,
C'={(e, )|V, y, o(x) +P(y) < D(z,y)"}

regularizing dual % constraints vy > 0

— d Ay —
G- iu5/¢“+/¢ v — bAp, )

(1(, ) = 7 [[ e“® DD dpudy

BEENEE REGULARIZED DUAL
94



Smoothed D transforms

Wy (p, v —Sup/sodu+/ Pdv.

SEI\/II DUAL

W, (p,v) = SUP/soduﬂL/soD”dV-

P
(z) =D (z,)P
o = —vlog/fz‘p T dp(x)

REGULARIZED SEMI-DUAL

95



Regularized Semidual Wasserstein

W, (e, v —Sup/godu+/ Prydu.

(’0 D,~ — —")/ lOg/ — D(w )p

REGULARIZED SEMI-DUAL

substifuting

sup

-

[ o(z)—D(z,y)P ]
/ o(w)du(z) — log / LR L @) | dv(y).

REGULARIZED SEMI-DUAL

96



Stochastic Regularized Semidual

sup
P

/

/

o(2)dp(z) — 7 log /

X

€

‘P(m)_D(may)p

2 ()| du(y).

97
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Stochastic Regularized Semidual

[ p(x)—D(x,y)P ]
up [ | [ e@)dula) - ylog [ =T duta)| duy)
P Yy LJx €T |

{?
What if 1 is a discrete measure =" a;,

@ € Li(p) is now just a vector av € R"™!
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Stochastic Regularized Semidual

[ p(x)—D(x,y)P ]
up [ | [ e@)dula) - ylog [ =T duta)| duy)
P Yy LJx €T |

{?
What if 1 is a discrete measure =" a;,

@ € Li(p) is now just a vector av € R"™!

ID(w ,y)P

Ssup / En:azaz vlogz a;| dv(y)

o cR™ 1

= sup E,|f(a,y)]
ek

97




Sinkhorn in between Wand MMD
p= Zaiémi v = Zb 5y,




Sinkhorn in between W and MMD

™m

K = Zaiémi VvV = Z bj0y,

1=1 71=1
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Sinkhorn in between W and MMD

™m
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Sinkhorn in between W and MMD

™m
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Sinkhorn in between W and MMD

E(p,v) = (ab" , Mxy )
MMD(a,v) = (. v) — 5 (1 1) + E(v,w))

W, (u,v) = {
W, (1) = W, (1, v) —

P’WMXY>

(W5 (e, o) + Wy (v, v))

WP (p,v) =(P", Mxy )



Sinkhorn in between W and MMD

;(E(MM) +&(v,v))

MMD(p,v) = E(p, V)
Y — OO T

_ 1
W’Y(N’?’/) W H, V 5

v — 0 l

WP( = (P*", Mxvy)

V(e ) + Wy (v, v))



How to compare them?

1.1.d samples 1,..., Ty ~ by Y19eeesYm ~ UV,
i def 1 . def 1
E O, s U = E Oy,

Computational properties

Effort to compute/approximate A(fiy,, V)’

Statistical properties

A, V) — A(fin, On)| < f(n)7

101




Sinkhorn in between W and MMD

1
MMD(p, v E(p, ) + E(v,v))

m “[see Arthurl

P* MXY



Sinkhorn in between W and MMD

MMD(p,v) = E(p,v) ;(5(M,M)+5(V7V))

(n T m)2 ( / \/ﬁ [see Arthur]

W () = Wi (1) — 5 (W (1 1) + W (v, )

(( ) ) O (Vd/z\/_) |IFSVATP’18]
Wp<“7 V) — <P*7 MXY >
O((n +m)nmlog(n + m) O(l/nl/d)




Ditfferentiability of W

W(a, X),(b,Y))




Ditfferentiability of W

W((a + Aa, X),(b,Y)) = W((a, X), (b, Y))+77




Ditfferentiability of W

W((a + Aa, X),(b,Y)) = W((a, X), (b, Y))+77




Sinkhorn > Differentiability

W((a, X + AX),(b,Y)) =W((a, X),(b,Y))+77




Sinkhorn > Differentiability

W((a, X + AX),(b,Y)) =W((a, X),(b,Y))+77




How to decrease W ? change weights

WP(u,v)= max ala+8"b
plv) =  max B
abBMxy

Prop. W (p,v) is convex w.r.t. a,

0, W = ar max o'la p.
“ Ba aDB<Mxy T 16

Prop. W, (p,v) is convex and differen-
tiable w.r.t. a, V,W, = a,’; = vlogu
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How to decrease W ? change locations

W2(p,v) = min (P,1,17X*+Y* 1,1, —2X'Y)
PeRiXm
Pl,,=a,P'1,=b

Prop. p = 2,Q = R% W(u,v) decreases if
X <~ YP*"D(a™ ).

Prop. p = 2,Q = R W, (u,v) is differen-
tiable w.r.t. X, with

VxWy=X—-YP,D(a™").
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Sinkhorn: A Programmer View

Def. For L > 1, define

WL(“’?’/) d§f<PL7MXY >7

where P < diag(uy)Kdiag(vr),

def def
Vo = 1m;l Z (),ul — a/K’Ul,’UH_l — b/KTul.
Prop. %V;/(L, ag[; L can be computed recur-

sively, in O(L) kernel K xvector products.
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Sinkhorn: A Programmer View

Def. For L > 1, define
def
Wr(w,v) =(Pr, Mxy ),

uf( K ® Mxy)vL

o Inf L Myy —{ K
XKT Vi+1
1, —*{%}@ ~Wr,
U; Ul+1
C—10+1

Sinkhorn /=1,...,L —1

108




Sinkhorn: A Programmer View

Def. For L > 1, define

Wr(p,v) d§f<PL, Mxy ),

Prop. %VL/(L, ag{; L can be computed recur-

sively, in O(L) kernel K xvector products.

|[Hashimoto’16] [Bonneel’16][Shalit’16]
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3. Applications

- Wasserstein distances for retrieval

, Wasserstein barycenters
> W for unsupervised learning
, W inverse problems

> W to learn parameters and generative models
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The Earth Mover’s Distance
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The Earth Mover’s Distance
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The Earth Mover’s Distance
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The Word Mover’s Distance

document 1

Obama
speaks
to
the
media
In
Illinois

| Kusner’l5]

7

o ‘gr.eets’
‘Obama’ L
“he
‘President’ P&
“Chicago’
@ ‘media’
oy 0<—0

Tlinois’ press’

word2vec embedding

111

document 2

The
President
oreets
the
press
In
Chicago

diSt(Dl, DQ) — WQ ([1,, I/)




Recall

Up to 2010: OT solvers W, (p,v) =7

Goal now: use OT as a loss or fidelity term

argmin F'(Wp, (1, v1), Wy (i, v2), ..o p) =7
pneP(£2)

vuwp(ﬂa Vl) =

112



Wassersteinization

lwos-ur-stahyn-ahy-sey-shuh-n]
noun.

Introduction of optimal transport
into an optimization or learning
problem.

cf. least-squarification, L ification, deep-netification,
kernelization



“Wasserstein + Data” Problems

e Quantization, k-means problem [Lloyd’82]

- 2
min Ws (1, Vdata)
peP(RY)
| supp p|=k

* [McCann’95] Interpolant

min (1 —¢)Wy3 (p, v1) + tW5 (1, v2)
pneP(L2)

e [JKO’98] PDE’s as gradient flows in(P(£2), W).

pre+1 = argmin J (p) + AW (1, p1e)
neP(2)
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Averaging Measures

L; average

W average

115



Barycenter for Measures?




Barycenter for Measures?

N

AWy (1, v
uénpl?ﬂ) (H22)

=1

Wasserstein
o __ Barycenter
~ [Agueh’11]

.
.. e

V3
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Barycenter for Measures?

A
A
f\
/ \
/ \
/
/
/
/
/
/
/
/
/
/
/
/
/

A E D3

Wasserstein mean Ly mean
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Barycenter for Measures?

A
A
f\
/ \
/ \
/
/
/
/
/
/
/
/
/
/
/
/
/

A E D3

Wasserstein mean Ly mean
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Multimarginal Formulation
e Exact solution (W7) using MM-OT. [Agueh’11]

1F

0.5F

O_

-0.5

1k

_15 ! ! ! ! ! ! ! |
-1 -0.5 0 0.5 1 1.5 2 2.5 3
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Multimarginal Formulation
e Exact solution (W7) using MM-OT. [Agueh’11]

' v
0.5+ . .
il -
n e v vV A
-05F A A
v
\ 4

_15 ! ! ! ! ! ! ! |
-1 -0.5 0 0.5 1 1.5 2 25 3

If |suppv;| = n;, LP of size (][, i, D, 1s)

118



Averaging Histograms i1s a LP

When () is a finite metric space defined by M.

acl,

min Z AW (a, b;)

11¢



Averaging Histograms i1s a LP

When (? is a finite metric space defined by M

If || = n, LP of size (Nn?, (2N — 1)n).

11¢




Primal Descent on Regularized W

aenéihn h NiW4(a, b;)
o @ e | ©
© @D ©® @G
©  ©o© ' @
DO O
D0 © g @

|Cuturi’14]



Primal Descent on Regularized W
N

min NiW4(a, b;)
aC2ipxh 4 ]
—

|Cuturi’14]
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Primal Descent on Regularized W

|Cuturi’14]
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On Regularizing or Not

—N(2,1)

- /\ —N(=21/4) | qoal
0.06 _W(: N(/() 7)5/8 0.06

N —

0.04; 10.04¢

0.02} 10.02;
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On Regularizing or Not

0.06} —DPw | 0.06|

0.04; 10.04+

0.02} 10.02;

True barycenter Barycenter using
regularized OT
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On Regularizing or Not

|ISchmitzer’16]



On Regularizing or Not

multi-marginal

|ISchmitzer’16]



Duality: Regularized Barycenters

N

Sample 1 Sample 2 Sample 3 Mean

A Smoothed Dual Approach for Variational Wasserstein Problems ICP’16]
SIAM Imaging Sciences, 2016 104



Duality: TV Gradient Flow

pr41 = argmin Wo, (u, pg) + 7TV ()
NIRRTy,
E,... E.-.‘ﬂ

t =80 t =100

A Smoothed Dual Approach for Variational Wasserstein Problems ICP’16]
SIAM Imaging Sciences, 2016 125



Regularized OT as KL Projection

(P, Mxy )~ vE(P) = /KL(P| K)

Prop. Py =Projg, e (K)
C, = {P|P1,, =a}, C, ={P|P"'1, = b}

126




Regularized OT as KL Projection

Prop. P, = Projg, ncr (K)
= {P|P1,, = a}, C, = {P|P"1, = b}

a
Proj~ (P) =D P
0jc, (P) =D 5y ) P

. b
Proje, (P) = PD (PT1n> .

1. Sinkhorn = Dykstra’s alternate projection K P, ~y
2. Only need to store & update diagonal multipliers
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Wasserstein Barycenter = KL Projections

(P,Mxy ) —vE(P) =~9KL(P| K)

N N
min > AW, (a,b;) = P:[Iglﬂ? o > AKL(P|K)
1=1 PcCiNCy =1

Cy ={P|da,Vi, P;1,, = a}
Ce = {P|Vi, P/ 1, = b;}
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- Wasserstein Barycenter = KL Projections

N N
min > AW, (a,b;) = P:[;?i.n o > AKL(PK)
=1 PcCiNCy =1

|IBCCNP’15]

PR



- Wasserstein Barycenter = KL Projections

N N
min > AW, (a,b;) = P:[;?i{l. o > AKL(PK)
=1 PcCiNCy =1

Cy, ={P|da,Vi, P;1,, = a}
Ce = {P|Vi, P/ 1, = b;}

u=ones(size(B)); % d x N matrix [BCCNP’15]
while not converged
v=u.*(K’*(B./(K*¥u))); % 2(NdA2) cost
u=bsxfun(@times,u,exp(log(v)*weights))./v;

end [terative Bregman Projections for
Y - Regularized Transportation Problems
a=mean(v,2); 108 SIAM J. on Sci. Comp. 2015




Applications in Imaging

|[Solomon’15]
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Applications in Imaging

|[Solomon’15]
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Applications: Brain Imaging

Extension to non-normalized data!

Applied to MEG and tMRI.
|Gramfort’16]
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Wasserstein Propagation

@ L IALGS
7)) D,

. W2 €19 &
min > W3 ey s fles)

u; fixed for 1€S5 (e1,e2)EE

|Solomon’14]
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Dictionary Learning

min ZZ_ 44 (

Ae(Xn)" Ae(EK)Y

Data samples

0.1

0.08;

0.06}

0.04;

0.02;

0.1

1 0.08;
1 0.06(
1 0.04/

1 0.02}

0

Data samples

-6

—bog
—bgg
—b100]

0

|Sandler’11] [Zen’14| [Rolet’16]
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Dictionary Learning

AE(En)KaAE(EK)N

min

N K i
D i W (bi, D b1 kak>

0.1

0.08
0.06¢

0.04

0.02

Wasserstein NMF

\-J_

0.1

0.08¢

0.06 |
0.04
0.02}

0

K. NMF

e (1 1

/u_u&

[Sandler’ll] |Zen’14] [Rolet 16]
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OT Dictionary Learning

* |[Hoffman’98| proposed to learn dictionaries
(topics) for text, seen as histograms-of-words.

() = {words}, |Q]~ 13,000

* Vector embeddings tor words [Mikolov’13]
|Pennington’14] defines geometry:

D (public, car) = ||Zpublic — a:carHQ

* Data: 7,034 Reuters, 737 BBC sports news articles
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Topic Models
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|Rolet’16]
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Elliptical Embeddings

Multidimensional Scaling [MDS]

embed a metric space in R?

thle
021 Einland
tralia
01 - ada gus rance
EStCQﬁQ Greece
°
0% germany o
Pel9iuUMzech Republic
-0.1 +
Denm%ﬁlfstria ¢
0.2 - ¢
| | | | | | | | | |
-1.5 -1 -0.5 0 0.5 1 1.5 2 2.5 3
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Elliptical Embeddings

Multidimensional Scaling [MDS]

embed a metric space in elliptical distributions in P(R2), Wy
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Elliptical Embeddings

Visualization issue

need to shift to precision matrix to recover intuition

Points in 2D . Isogletric Wy Elliptical Embedding  Precision Matrix Visualization
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Elliptical Embeddings

Word Embeddings

Compute elliptical distribution representations for Words

== Bach
wwenn classical
sl famous
@ composer
mx@m man

-6 -4 -2 0 2 4 6



Wasserstein PCA

N
min g min W5 (p!, ., ;)
Ho,H1 4 — t Ho—rHA

—
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Wasserstein PCA

0.5£> .
h : . : )
-0.5+ o

-0.5 0 0.5 1 1.5
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On Empirical Measures

O
05
3 N
0_
= |
m ©
0.5}
@
O
@]
At

-0.5 0 0.5 1 1.5 2
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Wasserstein PCA vs. Euclidean PCA

we=== Wasserstein Principal Geodesics

wmm==_Euclidean Principal Components

Principal Curve
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|Ambrosio’06] Generalized Geodesics

- N . ) |
m,vzglg?l(a,sz) 2i=1 t]g[%ﬁ] W3 (gt(v1,v2),v:) + AR(v1, v2),

: gi(v1,v2) = (Id — vy + t(v1 + v2)) #V
subject to { Id — v; and Id + v5 are Monge maps from v

1.2 | O O
o s
11F | o ]
o 7
1 | ga—>y
g” "
09 g (gen. geodesic) 8> %
o Yy
08 — (@] 92/3
0-7r %o@
0.6
05} @
o QK o /®
04} O(p
0.3 ' ' I |
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Generalized Principal Geodesics

21| 0
0 0|0
0 0 0
O 0|02
OO0 02

AREN
'ANEE
f 1] 4
V7|
\|F|#

For each digit, 1,000 MNIST images

il
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2 2| &
alals
[ i
= - S
2lala

~¢
e

|Seguy’15
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Inverse Wasserstein Problems

e consider Barycenter operator:

def
b(\) = argmmZ)\ W, (a,b;)
* address now Wasserstein inverse problems:

Given a, find argmin & (\) « Loss(a, b(\))
AEDN
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Wasserstein Inverse Problems

P3 ‘

b S

o
)

| o

¢

£

&~

X

<
o Y AO

X

X

X

N

1

Euclidean Simplex: {ZL] AiDi, A € 23}

Wasscrstein simplex: {P(A), A € X3}



Barycenters = Fixed Points

Prop. [BCCNP’15] Consider B € X
and let Uy = 14« ~, and then for [ > 0:

v, def b'1y
b' L exp (log (KTU) A):{ T K00

1€. B
U1 =
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Using Truncated Barycenters

* instead of using the exact barycenter

argmin £(\) < Loss(a, b(\))
AED N

e use instead the L-iterate barycenter

argmin £ (\) € Loss(a, b (\))
AED N

* Differente using the chain rule.

vED () = (9617 (g), g = VLoss(a, )|y (-

148



Gradient / Barycenter Computation

function SINKHORN-DIFFERENTIATE((ps )5-1, g, \)
Vs, b « 1
(w,7) = (0%,05Y)
for/=1,2,...,L //Sinkhorn loop
V s, cp,(f) — K —Ps

Kng—l)
A
Y, s
p < Il (cpg ))
(£) ,
VS, bS \ (pe)
Ps

g< VL(p,q) Op
for/=L,L—1,...,1 //Reverse loop
V'Sa Ws < Ws + <10g ‘70-(9£))g>

sg—Ts s £—
Vs, Ts < _KT(K(A:gE) ) © (Kbgzz_l)ﬂ) © b~(9 Y
g — Zs T's
return PX)(\) < p, VEL(N) < w
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Application: Volume Reconstruction

Input shape q Prcgezit;on Iso-surface

Shape database
(p Ly--- ap5)

|Bonneel’16]

150



Application: Color Grading




Application: Color Grading
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Application: Color Grading
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Application: Color

Wasserstein Barycentric Coordinates: Histogram [BPC’IG]
Regression using Optimal Transport, SIGGRAPH’16
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Application: Brain Mapping

Original Euclidean Wasserstein
projection projection
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Application: Brain Mapping

gt |
Original Euclidean Wasserstein
projection projection
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end-to-end W Dictionary Learning

min L (b;, a(\;
Ac(Z,) " Ae(Er)Y T ( (A0)

|ISchmitz’18]




end-to-end W Dictionary Learning

min Zﬁ (bi, a(A;))




Distributionally Robust Optimization

Supervised learning

int "I/da,ta[ (fe( ) )]

0cO

Learning with Wasserstein Ambiguity

inf sup S L(fo(X),Y)

Ve® Hsz(Vdataap“)<5

|[Esvahani'l7]
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Distributionally Robust Learning

Learning with Wasserstein Ambiguity

inf sup [ L(fo(X),Y)]
0cO F’J:WP (Vda,taau')<€

Advantages:

« Bound on out-of-sample pertormance

« Converges as size of dataset increases

« Often reduces to a finite convex program (e.g.
when f is element-wise max over elementary
concave functions)
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Domain Adaptation

Dataset

L Qt 00
N L oV
4 L2 7 ()
N /f’
| /
.;./A...-...
-+ { //
-+-++ // +
e / Lan o
-t / -
e O O
/ - -
o C 0 g
e 0O D
A . ~ -
S Vg O _ O ! ™=

Class 1

O Class 2
=+ Q% Samples x7

O Samples X!

(lassifier on x?

>

Optimal transport

> SamplesT. (x!)

v OF Samplesx

1. Estimate transport map
2. Transport labeled samples to new domain
3. Train classifier on transported labeled samples

|Courty’16]
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Classification on transported samples

-0 Sulu‘_)l(r:.- T, '(x';.‘)
- O Samples X!

— (lassifier on T.,”(x; :'
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Learning with a Wasserstein Loss

Dataset {(z;,y:)},z: € RP,y; € R?

husky
sSNow
sled

slope
men

Yi

Goal is to find fg : Images — Labels
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Learning with a Wasserstein Loss

N

min . L(fo(xi), i)

1=1

husky
sSNow
sled

slope
men

Yi

Which loss £ could we use?
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Learning with a Wasserstein Loss

N
min L Ti). Y
0O 4 (fg( z)vyz)
1=1
do husky
ari J SNOW
river Slod
Wl'nter slope
e men
fg (fz) Yi

Which loss £ could we use?
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Learning with a Wasserstein Loss

N

min . L(fo(xi), i)

1=1

L(a,b) = Préllégm<P, M) + eKL(P1,a)

+ ¢KL(P'1,b) — vE(P)

1. Generalizes Word Mover’s to label clouds
2.Sinkhorn algorithm can be generalized

|Frogner’15] [Chizat’15][Chizat’16]
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Minimum Kantorovich Estimation

RIS e Available online at www.sciencedirect.com

r\& %* SCIENCE @ DIRECT® STATISTICS &

TR PROBABILITY
il kf,:_ = LETTERS

ELSEVIER Statistics & Probability Letters 76 (2006) 1298 1302

www elsevier.com/locate/stapro

On minimum Kantorovich distance estimators

Federico Bassetti®, Antonella Bodini®, Eugenio Regazzini®*

Use Wiasserstein distances to define a loss
between data and model.

lgleiél W (v4ata, Do)
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Minimum Kantorovich Estimators

in W (vqata,
min (Vdata, fos1t)

[ Bassetti’06] 1st reference discussing this approach.

Challenge: VoW (Vdata, fosit)?

|[Montavon’l6] use regularized OT in a finite setting.
|Arjovsky’17] (WGAN) uses a NN to approximate dual

solutions and recover gradient w.r.t. parameter

|Bernton’17] (Wasserstein ABC)
|Genevay’l7, Salimans’17] (Sinkhorn approach)
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Proposal: Autodift OT using Sinkhorn

Approximate W loss by the transport cost
W atter L Sinkhorn iterations.

| e—C/s

(C O K)br,ar)

9, — (' |— K

Vi

-y Yn)

V.

XnK

1m_ﬁ§}@+

by

v
xmK "

1/ bé—l—l "EL (0)

Ag4+1

(yl,..

Input data

{0 +1

Generative model
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Sinkhorn /(=1

ooooo

|GPC’17]



Example: MNIST, Learning fo
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MNIST, Learning fo

Example
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Example: Generation of Images

g S AN o A e
e el BS R
R, T
s el = 2R EREN
ﬂ.@lﬁ.@@lﬂ
s o et N
IR P
o e - Ll T N e
A e | O g
= B il

arxiv.org/pdf/1710.05488 168 |Salimans’18]




Example: Generation of Images

arxiv. org/pdf/ 1710. 05488 169 [Sahmans’lS]



Concluding Remarks

e Regularized OT 1s much faster than OT.

® Regularized OT can interpolate between W and the
MMD / Energy distance (MMD) metrics.

* The solution of regularized OT is “auto-differentiable’.

* Many open problems remain!
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What I could not talk about...

- Very large supply of maths...
. Statistical challenges to compute W.

. If linear assignment = Wasserstein, then
quadratic assignment = Gromov-Wasserstein.

- Wasserstein gradient tlows (a.k.a. JKO flow).
- Dynamical aspects of optimal transport
. Transporting vectors and matrices

- Applications to sampling.

https:/optimaltransport.github.io/




